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SUBQUADRATIC HARMONIC FUNCTIONS ON CALABI-YAU
MANIFOLDS WITH EUCLIDEAN VOLUME GROWTH
SHIH-KAI CHIU
Abstract. We prove that on a complete Calabi-Yau manifold M with Eu-
clidean volume growth, a harmonic function with subquadratic polynomial
growth is the real part of a holomorphic function. This generalizes a result of
Conlon-Hein in [18]. We prove this result by proving a Liouville type theorem
for harmonic 1-forms, which follows from a new local L2 estimate of the dif-
ferential. We also give another proof based on the construction of harmonic
functions with polynomial growth in Ding [23], and the algebraicity of tangent
cones in Liu-Sze´kelyhidi [42].
1. Introduction
In this paper, we define a Calabi-Yau manifold to be a Ricci-flat Ka¨hler manifold.
Let (M,ω) be a complete noncompact Calabi-Yau manifold of complex dimension
n. We say (M,ω) has Euclidean volume growth if there exists v > 0 such that for
p ∈M and r > 0, we have
Vol(B(p, r)) ≥ vr2n.
We are interested in complete noncompact Calabi-Yau manifolds with Euclidean
volume growth. The study of complete noncompact Calabi-Yau manifolds dates
back to the foundational papers of Tian-Yau [47, 48], in which they construct
complete Ricci-flat Ka¨hler metrics on the complement of a neat, almost ample
divisor in a projective variety. An important class of examples is asymptotically
conical (AC) Calabi-Yau manifolds. An AC Calabi-Yau manifold is a complete
noncompact Ricci-flat Ka¨hler manifold such that outside a compact subset, the
manifold is diffeomorphic to a Ricci-flat Ka¨hler cone, and the metric on the manifold
is (polynomially) asymptotic to the metric on the cone. See [18] for existence and
uniqueness results for AC Calabi-Yau manifolds. On the other hand, Cheeger-
Tian [12] show that if one tangent cone at infinity of M satisfies an integrability
condition, then M is AC Calabi-Yau. AC Calabi-Yau manifolds include important
examples like the smoothing and the small resolution of the ordinary double point
[5]. We refer the reader to Conlon-Hein [18, 19, 20] for important results on AC
Calabi-Yau manifolds.
The AC condition is restrictive, as it implies the tangent cone at infinity is
both smooth and unique. There are complete noncompact Calabi-Yau manifolds
with Euclidean volume growth which are not AC Calabi-Yau [35]. Recently, Li
[39], Conlon-Rochon [21] and Sze´kelyhidi [46] independently construct Calabi-Yau
metrics with Euclidean volume growth on C3; the last two groups have various
generalizations of the construction to higher dimensions. These metrics are not
AC, since the tangent cone at infinity of these metrics is C×A1, where A1 denotes
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the singularity
C
2/Z2 ≃ {z21 + z22 + z23 = 0} ⊂ C3.
This motivates us to try to understand the relationship between these met-
rics. More generally, we would like to study deformations of Calabi-Yau metrics
on a complete noncompact Calabi-Yau manifold with Euclidean volume growth.
Complete noncompact Calabi-Yau manifolds also serve as local models in gluing
constructions of compact Calabi-Yau manifolds, so this question of uniqueness is
also natural in this respect.
In Conlon-Hein [18], the first step to deformations of AC Calabi-Yau metrics is
to show that a harmonic function with subquadratic growth is pluriharmonic. This
result can be seen as the linearized version of the uniqueness of the complex Monge-
Ampe´re equation under small perturbation. In this paper, we generalize this result
of Conlon-Hein (see Theorem 3.8 and Corollary 3.9 in [18]) to the following:
Theorem 1.1. Let M be a complete noncompact Ricci-flat manifold with Euclidean
volume growth. Let u be a harmonic 1-form on M . Suppose u has sublinear growth,
i.e. there exist constants C > 0 and s < 1 such that
|u| ≤ C(1 + r)s,
where r = r(x) = d(x, p) is the distance function from a fixed point p ∈ M . Then
u = df , where f is a subquadratic harmonic function.
Remark 1.2. (1) Theorem 1.1 can be seen as an analog of the Liouville theorem
of Cheng [14] that every harmonic function with sublinear growth on a complete
manifold with nonnegative Ricci curvature is constant. (2) The theorem is false
without the assumption of Euclidean volume growth. One counterexample is the
Taub-NUT manifold, which is C2 equipped with a hyperka¨hler metric with cubic
volume growth. See Remark 3.10 in [18] for details.
As a corollary, we have
Theorem 1.3. Let M be a complete noncompact Calabi-Yau manifold with Eu-
clidean volume growth. Then any subquadratic harmonic function on M is the real
part of a subquadratic holomorphic function. In particular, it is pluriharmonic.
Remark 1.4. When the manifold M is AC Calabi-Yau, the proof in Conlon-Hein
[18] shows that actually we can replace the subquadratic growth condition with
the weaker condition o(r2). See Remark 4.16 for details. It is interesting to know
whether Theorem 1.3 still holds when we only assume o(r2).
Proof. Let f be a subquadratic harmonic function. Then dcf = i(∂¯ − ∂)f is a
sublinear harmonic 1-form by gradient estimate. So dcf = dg by Theorem 1.1. It
follows that f is the real part of the subquadratic holomorphic function f + ig. 
In Conlon-Hein [18], the main idea is to compare the AC manifold with its
tangent cone at infinity. A lemma of Cheeger-Tian [12], roughly speaking, says
that Theorem 1.1 is true on the tangent cone at infinity. The comparison is then
carried out using weighted function spaces and the polynomial convergence of the
metrics. But unlike in the AC case, we do not have access to linear theory like
weighted function spaces, and the tangent cones at infinity are in general singular.
Therefore, to transport the information on the tangent cones at infinity back to the
manifold, we need to take Gromov-Hausdorff limits of harmonic forms.
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The naive approach would be to show that the spaces of harmonic functions with
polynomial growth have the same dimension on the manifold and any tangent cone
at infinity, and that the differential mapping harmonic functions with subquadratic
growth to sulinear harmonic 1-forms is surjective. Based on the construction of
harmonic functions with polynomial growth by Ding [23] and the algebraicity of
tangent cones at infinity by Liu-Sze´kelyhidi [42], we give a proof of Theorem 1.1
following this idea, under the further assumption of M being Ka¨hler.
Another approach, which will be the main theme of this paper, is to show that
any sublinear polynomial growth harmonic 1-form is closed and coclosed. If this
were true, then by a result of Anderson [4], this implies that any sublinear harmonic
1-form is the differential of a harmonic function. As in the Liouville theorem for
harmonic functions [14], we prove this Liouville type theorem for harmonic 1-forms
by establishing the following L2 analog of the Cheng-Yau graident estimate [13]:
Theorem 1.5. Let B(p, 2) be a metric ball with Vol(B(p, 1)) ≥ v > 0 and |Ric| ≤ 1.
Then for any δ > 0, there exists a constant C > 0 depending on δ and v such that
for any harmonic 1-form u on B(p, 1), we have
−
∫
B(p,r)
|du|2 + |d∗u|2 ≤ Cr−2δ−
∫
B(p,1)
|u|2
for any r ∈ [0, 1/2].
Remark 1.6. (1) Actually, we have a pointwise bound for |d∗u|2 in terms of the L2
average of u. See remark 3.5. (2) The above estimate only missed the traceless
symmetric part of the gradient ∇u. If furthermore the curvature operator acting
on 2-forms is nonnegative, then we have the ∇u is bounded in L2 by the Bochner
formula and integration by parts with a cutoff function. See for example the proof
of Proposition 2.6. (3) Similarly, if furthermore the curvature operator acting on
2-forms is nonnegative, then |du| is subharmonic by the Bochner formula. Then
by Li-Schoen mean value inequality [37], an integration by parts with a cutoff
function and volume comparison [37], we have the pointwise bound supB(p,1) |du| ≤
C supB(p,2) |u|, where C is a constant depending only on the dimension.
By a rescaling argument, we obtain Theorem 1.1 as a Liouville type theorem for
harmonic 1-forms.
The proof of Theorem 1.5, roughly speaking, reduces to a statement about har-
monic 1-forms on cones by Cheeger-Colding theory [7]. Thus the Cheeger-Tian
lemma mentioned above plays a crucial role. Another technical ingredient is the
monotonicity of frequency functions of harmonic forms on Ricci-flat cones (Propo-
sition 2.10), which implies L2 3-circle theorems (Theorem 2.13, Theorem 4.3 and
Theorem 4.12) for harmonic functions and 1-forms. The frequency function is a
direct generalization of the one defined in Colding-Minicozzi [15] on cones for the
function case, which in turn is a generalization of the original version on Rn defined
by Almgren [1]. Frequency functions have been studied and applied intensively
[2, 26, 30], and so are various 3-circle theorems [23, 50, 25, 41]. The relationship
between the monotonicity of frequency functions and the 3-circle theorem is made
precise and used in Lin [40].
This paper is organized as follows. In section 2, we prove the monotonicity
of Almgren’s frequency functions of harmonic k-forms on a limit Ricci-flat cone.
We also reprove the lemma of Cheeger-Tian [12] to check it works in our singular
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setting. Section 2 serves as a common background for the rest of this paper. In
section 3, we prove Theorem 1.5, and deduce Theorem 1.1 and Theorem 1.3 as
corollaries. In section 4, we give an alternative proof of Theorem 1.1 under the
assumption of the manifold being Calabi-Yau. Section 4 also serves as a survey of
applications of monotonicity results.
We end this section by reviewing the notion of tangent cones at infinity. Let
(M, g) be a complete noncompact Riemannian manifold M with nonnegative Ricci
curvature and Euclidean volume growth, and let p be a fixed point. Given a se-
quence of positive number ri →∞, we consider the sequence of pointed Riemannian
manifolds (Mi, pi, gi) = (M,p, r
−2
i g). By Gromov compactness theorem [29], after
passing to a subsequence, the sequence (Mi, pi, gi) converges to a complete metric
space (T∞, d) in the pointed Gromov-Hausdorff sense. Cheeger-Colding theory [8]
tells us that the limit space (T∞, d) is actually a metric cone. We call (T∞, d) a
tangent cone at infinity of M . If the metric g is Ricci-flat, then the results of An-
derson [3], Cheeger-Naber [11] and Jiang-Naber [34] combined together show the
following:
• the regular set is open and dense,
• the singular set of T∞ is closed of Minkowski codimension at least 4, and
• on the regular set, the metrics gi converge in C∞ to a Ricci-flat metric g∞.
The above regularity properties, except the Minkowski content estimate, were
also proved in the Ka¨hler setting by Cheeger-Colding-Tian [9]. Note that when
we only assume nonnegative Ricci curvature, the tangent cones at infinity are in
general not unique [44] . However, if the metric is Ricci-flat, and if one tangent
cone at infinity is smooth, then Colding-Minicozzi [17] prove the uniqueness.
A remark on notations. Let (Mi, pi, gi) be a sequence of pointed Riemannian
manifolds. Both Bi(r) and B(pi, r) ⊂ (Mi, pi, gi) will denote the r-ball with respect
to the metric gi. In particular, if (Mi, pi, gi) = (M,p, r
−2
i g), it is understood that
the Bi(1) and B(pi, 1) both denote the unit ball with respect to the rescaled metric
r−2i g. B∞(r) and Br will denote the r-ball centered at the vertex of the tangent
cone. We will always use the Hodge Laplacian ∆ = dd∗+ d∗d for arbitrary k-forms
(including k = 0), so in particular the eigenvalues are positive. A harmonic k-form
is a k-form u such that ∆u = 0. Finally, what we mean by subquadratic is in the
sense of O(rs) for some s < 2. The same goes for the term sublinear.
Acknowledgments. The author would like to thank his advisor Ga´bor Sze´kelyhidi
for kindly sharing his valuable insights and many helpful discussions.
2. Analysis on limit Ricci-flat cones
Before moving on, we should remark that all the results in this section hold for
smooth Riemannian cones with nonnegative Ricci curvature.
Definition 2.1. We define a limit Ricci-flat cone C(X) to be a metric cone over a
compact metric space X , such that C(X) is itself a pointed Gromov-Hausdorff limit
of a noncollapsing sequence of Riemannian manifolds (Mi, pi, gi) with |Ric(gi)| ≤
ǫi → 0.
In particular, a tangent cone at infinity of a Ricci-flat manifold with Euclidean
volume growth is a limit Ricci-flat cone. The regularity results mentioned in the
introduction enable us to extend various results in the smooth case to our singular
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setting. The key is the existence of good cutoff functions. First, let us note that
a limit Ricci-flat cone C(X) is an RCD∗(0,m)-space and the cross section X is an
RCD∗(m− 2,m− 1)-space [36], where m is the (real) dimension of C(X). We have
the following lemma.
Lemma 2.2 (Mondino-Naber [43]). Let X be a RCD∗(K,N)-space for some K ∈ R
and N ∈ (1,∞). Then for every x ∈ X,R > 0, 0 < r < R, there exists a Lipschitz
function ψr : X → R satisfying:
• suppψr ⊂ B(x, r),
• ψr = 1 on B(p, r/2),
• r2|∆ψr|+ r|∇ψr | ≤ C(K,N,R).
Using the existence of good cutoff functions, we can construct cutoff functions
that allow us to do analysis on spaces with codimension 4 singularities.
Lemma 2.3. Let C(X) be a limit Ricci-flat cone. Denote Σ the singular set of
C(X). Fix p ∈ C(X). Then for any ǫ > 0, there exists a cutoff function φǫ on
B(p, 1) such that:
• suppφǫ ⊂ Σǫ, where Σǫ is the ǫ-neighborhood of Σ,
• φǫ = 1 in a neighborhood of Σ,
• ‖∇φǫ‖L2 → 0 as ǫ→ 0,
• ‖∆φǫ‖L1 → 0 as ǫ→ 0,
• ‖∆φǫ‖L2 < C for some constant C > 0 not depending on ǫ.
The exact same construction also holds on the cross section X.
Proof. The proof is standard. See for example Donaldson-Sun [24]. 
We briefly recall some basic facts about the geometry of cones. Let (X, gX) be
a (smooth) compact (m − 1)-dimensional Riemannian manifold. A Riemannian
cone C(X) over X is the metric completion of R+ ×X equipped with the metric
g = dr2 + r2gX .
The Hodge Laplacian ∆ : Ωk(C(X))→ Ωk(C(X)) is defined as
∆ = d∗d+ dd∗.
We have the Bochner formula. Let ω be a differential k-form. Then
∆ω = ∇∗∇ω + (ω),
where R is a 0th-order self-adjoint differential operator defined using the Riemann
curvature tensor. If k = 1, then R = Ric is just the Ricci tensor.
A simple calculation shows that the Riemann curvature tensor is homogeneous
of degree −2:
∇r∂rR = −2R.
We need the following definition:
Definition 2.4. Let C(X) be a limit Ricci-flat cone, and let R denote the regular
set of C(X). Let u be a harmonic k-form on R. By abuse of notation, we say u is
defined on C(X). We say u is locally L2 (resp. locally W 1,2) if for any p ∈ C(X),
regular or not, and for any r > 0, we have∫
B(p,r)∩R
|u|2 <∞
6 SHIH-KAI CHIU
(resp.
∫
B(p,r)∩R
|u|2 +
∫
B(p,r)∩R
|∇u|2 <∞).
For k-forms on a smooth Riemannian cone (not necessarily Ricci-flat), the same
definition follows.
If the curvature operator R on C(X) is nonnegative, then by the Bochner for-
mula, |u| is subharmonic for any harmonic k-form u. We can then deduce locally
L∞ from locally L2 by the following mean value inequality on limit Ricci-flat cones.
Proposition 2.5. Let C(X) be a limit Ricci-flat cone of dimension m. Then there
exists a constant C > 0 such that for any x in the regular set R of C(X), if f is a
nonnegative subharmonic function on B(x, 1), then
f(x) ≤ C
√
−
∫
B(x,1)
f2.
Proof. Fix x ∈ R a regular point. Let f be a nonnegative subharmonic function on
B(x, 1). Since the singular set Σ is closed, the distance d0 from x to Σ is greater
than 0. Let η be a cutoff function on B(x, 1) given in Lemma 2.2, and let φǫ be a
cutoff function on B(x, 1) given in Lemma 2.3. Recall that ‖∇η‖L∞ ,‖∆η‖L∞ < 1,
that φǫ = 1 in a neighborhood of Σ, that‖∇φǫ‖L2 ,‖∆φǫ‖L1 → 0 as ǫ→ 0 and that
‖∆φǫ‖L2 < C1 for some C1 > 0 not depending on ǫ.
Let p(t, x, y) be the heat kernel on C(X). See Ding [22] for a reference for
existence and convergence. Since the metrics converges smoothly on any compact
subsets of R, we can use the Gaussian upper bound for p(t, x, y) and ∇yp(t, x, y)
just like in the smooth case. Thus there exist C2, C3 > 0 such that after using
volume comparison, we have
p(t, x, y) ≤ C2
Vol(B(x, 1))tm/2
exp(−d(x, y)
2
C3t
),
|∇p(t, x, y)| ≤ C2
Vol(B(x, 1))t(m+1)/2
exp(−d(x, y)
2
C3t
).
See Saloff-Coste [45] for a reference. It follows that
sup
y∈R∩B(x,1)∩Σǫ
p(t, x, y) ≤ C2
Vol(B(x, 1))tm/2
exp(− d
2
0
4C3t
),
sup
y∈R∩B(x,1)∩Σǫ
|∇p(t, x, y)| ≤ C2
Vol(B(x, 1))t(m+1)/2
exp(− d
2
0
4C3t
),
for ǫ > 0 sufficiently small. For simplicity, write V = Vol(B(x, 1)). Fix T > 0.
From above, there exists C4(T, d0) > 0 such that
sup
y∈R∩B(x,1)∩Σǫ
p(t, x, y) ≤ C4(T, d0)V −1,
sup
y∈R∩B(x,1)∩Σǫ
|∇p(t, x, y)| ≤ C4(T, d0)V −1
for t ∈ [0, T ]. Similarly, we have
sup
y∈R∩A(x,1/2,1)
p(t, x, y) ≤ C5(T )V −1,
sup
y∈R∩A(x,1/2,1)
|∇p(t, x, y)| ≤ C5(T )V −1,
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where A(x, 1/2, 1) = B(x, 1) \ B(x, 1/2) is the annulus containing the support of
∇η and ∆η.
Set fǫ = η(1−φǫ)f . Using definition of heat kernel and integration by parts, we
compute
d
dt
∫
B(x,1)
p(t, x, y)fǫ(y)dy =
∫
B(x,1)
−∆yp(t, x, y)fǫ(y)dy
=
∫
B(x,1)
p(t, x, y)(−∆)fǫ(y)dy.
Now we expand −∆fǫ and apply integration by parts so that there is no ∇f
term involved. We get
d
dt
∫
B(x,1)
p(t, x, y)fǫ(y)dy =
∫
B(x,1)
p(t, x, y)[η(1 − φǫ)(−∆f)](y)dy
+
∫
B(x,1)
p(t, x, y)[f(1− φǫ)∆η](y)dy
− 2
∫
B(x,1)
p(t, x, y)[f∇(1− φǫ) · ∇η](y)dy
− 2
∫
B(x,1)
∇yp(t, x, y) · [(1 − φǫ)f∇η](y)dy
− 2
∫
B(x,1)
∇yp(t, x, y) · [ηf∇(1 − φǫ)](y)dy
+
∫
B(x,1)
p(t, x, y)[ηf∆(1− φǫ)](y)dy.
Note that the first term on the right hand side is nonnegative by subharmonicity.
Using the heat kernel estimates above and the Cauchy-Schwartz inequality, we have
d
dt
∫
B(x,1)
p(t, x, y)fǫ(y)dy ≥− C5V −1/2‖f‖L2(B(x,1)) − 2C5V −1‖∇φǫ‖L2‖f‖L2(B(x,1))
− 2C5V −1/2‖f‖L2(B(x,1)) − 2C4V −1‖∇φǫ‖L2‖f‖L2(B(x,1))
− C4V −1‖∆φǫ‖L2‖f‖L2(B(x,1)∩Σǫ) .
Integrating the above inequality from 0 to T , we get∫
B1
p(T, x, y)fǫ(y)dy − f(x) ≥− 3C5TV −1/2‖f‖L2(B(x,1)) − 4C4V −1‖∇φǫ‖L2‖f‖L2(B(x,1))
− C4TV −1‖∆φǫ‖L2‖f‖L2(B(x,1)∩Σǫ) .
Letting ǫ → 0, the last two terms of the right hand side tend to 0. Using the
Cauchy-Schwartz inequality once more, we arrive at
C6V
−1/2‖f‖L2(B(x,1)) − f(x) ≥ −3C5TV −1/2‖f‖L2(B(x,1)) ,
where C6 = C6(T ) is a constant obtained using the Gaussian upper bound for heat
kernel. So
f(x) ≤ (C6 + 3C5T )V −1/2‖f‖L2(B(x,1)) .
This completes the proof. 
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Proposition 2.6. On a limit Ricci-flat cone C(X) with nonnegative curvature
operator R, a harmonic k-form which is locally L∞ is locally W 1,2.
Proof. Let η be a cutoff function given in Lemma 2.2 on B2 such that η = 1 on B1.
Let φǫ be a cutoff function given in Lemma 2.3. For a locally L
∞ harmonic k-form
u, ∫
B1
(1 − φǫ)|∇u|2 ≤
∫
B2
η(1− φǫ)|∇u|2
≤
∫
B2
−1
2
η(1− φǫ)∆|u|2
=
∫
B2
−1
2
[∆η +∇η · ∇φǫ − η∆φǫ]|u|2
≤ C
∫
B2
(1− φǫ)|u|2 + C
∫
B2
|∇φǫ||u|2 + C
∫
B2
|∆φǫ||u|2.
By the Cauchy-Schwarz inequality, the last two terms on the right hand side vanish
as ǫ→ 0. 
From this, it is clear that for a harmonic 1-form on a Calabi-Yau manifold with
Eucliean volume growth, its Gromov-Hausdorff limit on a tangent cone at infinity is
locallyW 1,2. This simply follows from the fact that the limit is almost by definition
locally L2, and that we have a mean value inequality (Proposition 2.5). The precise
definition of such a limit will be recalled in the next section.
Before proving the monotonicity of frequency functions, we record another basic
fact here, which is needed later.
Proposition 2.7. Let C(X) be a Riemannian cone with nonnegative curvature
operator R. Then |∇r∂ru| is subharmonic for any harmonic k-form u on C(X).
Proof. Using the Bochner formula and the cone structure of C(X), by a straight-
forward calculation, we get
−∆|∇r∂ru|2 = 2R(∇r∂ru,∇r∂ru) + 2|∇∇r∂ru|2 ≥ 2|∇|∇r∂ru||2.
The result then follows from the Cauchy-Schwarz inequality. 
2.1. Monotonicity of the frequency function. Fix for now a (smooth) Rie-
mannian cone C(X) of real dimension m. Later on, we will generalize what we
obtained for smooth cones to limit Ricci-flat cones using cutoff functions. In this
section, Br will denote the open ball of radius r centered at the vertex of C(X), and
∂Br = {r} ×X will denote the boundary of Br. Let u be a locally W 1,2 harmonic
k-form. Define
D(r) =
∫
Br
|∇u|2 +R(u, u).
and
H(r) =
∫
∂Br
|u|2.
In analogy with the frequency of harmonic functions ([31]), we define
N(r) =
rD(r)
H(r)
.
N(r) is called the frequency function of u.
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By Bochner formula,
(2.1)
1
2
∇ · ∇|u|2 = |∇u|2 +R(u, u).
So
D(r) =
1
2
∫
Br
∇ · ∇|u|2 =
∫
∂Br
u · ∇∂ru,
The integration by parts in the last equality is justified by the fact that u is locally
W 1,2.
We now prove the monotonicity of frequency functions.
Proposition 2.8. Let C(X) be a smooth Riemannian cone, let u be a locally W 1,2
harmonic k-form on C(X), and let N(r) be the frequency function of u. Then N(r)
is nondecreasing. N(r) is constant if and only if
∇r∂ru = h(r)u
for some function h(r).
The following proof is a direct modification of the Rn case. See [31] for compar-
ison.
Proof. By direct differentiation,
N ′(r) = N(r)
{
1
r
+
D′(r)
D(r)
− H
′(r)
H(r)
}
.
So our goal is to show that
1
r
+
D′(r)
D(r)
− H
′(r)
H(r)
≥ 0.
First we calculate D′(r).
D′(r) =
∫
∂Br
|∇u|2 +R(u, u) = 1
r
∫
∂Br
(
|∇u|2 +R(u, u)
)
r∂r · ∂r
=
1
r
∫
Br
∇ ·
(
|u|2 +R(u, u)
)
r∂r.
The divergence inside the integral can be calculated as follows. Fix normal coordi-
nates on X , and denote the indices of the normal coordinates by i, j.
∇ ·
(
|∇u|2 +R(u, u)
)
r
∂
∂r
=
1√
det g
∂r
(√
det g
(
|∇u|2 +R(u, u)
)
r
)
= n
(
|∇u|2 +R(u, u)
)
+ r∂r
(
|∇u|2 +R(u, u)
)
.
For the third term on the right hand side, we have
r∂r|∇u|2 = r∂r
(
|∇∂ru|2 + r−2|∇iu|2
)
= 2r∇∂r∇∂ru · ∇∂ru− 2
(
|∇u|2 − |∇∂ru|2
)
+ 2r−2∇r∂r∇iu · ∇iu
= 2∇∂r∇r∂ru · ∇∂ru− 2|∇u|2 + 2r−2∇r∂r∇iu · ∇iu.
Using the fact that ∇∂r∇i = ∇i∇∂r and combining the first and third term on the
right hand side, we get
r∂r |∇u|2 = 2∇∇r∂ru · ∇u− 2|∇u|2.
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By homogeneity of the curvature tensor, We also have
r∂rR(u, u) = −2R(u, u) + 2R(∇r∂ru, u).
Combining these, the divergence term gives
∇ ·
(
|∇u|2 +R(u, u)
)
r∂r = (n− 2)
(
|∇u|2 +R(u, u)
)
+ 2
(∇∇r∂ru · ∇u +R(∇r∂ru, u)) .
Finally,
D′(r) =
n− 2
r
D(r) +
2
r
∫
Br
∇∇r∂ru · ∇u+R(∇r∂ru, u)(2.2)
=
n− 2
r
D(r) + 2
∫
∂Br
|∇∂ru|2.(2.3)
The last equality follows from Bochner formula and u being harmonic.
Next we work on H(r).
H ′(r) =
(n− 1)
r
H(r) + 2
∫
∂Br
u · ∇∂ru.
So
1
r
+
D′(r)
D(r)
− H
′(r)
H(r)
= 2
( ∫
∂Br
|∇∂ru|2∫
∂Br
u · ∇∂ru
−
∫
∂Br
u · ∇∂ru∫
∂Br
|u|2
)
≥ 0
by the Cauchy-Schwarz inequality. Equality holds if and only if
∇r∂ru = h(r)u
for some function h(r). Following a calculation using Christoffel symbols, this is
equivalent to
u = f(r)(dr ∧ η1(x) + rη2(x)),
where η1(x) is a (k − 1)-form on X and η2(x) is a k-form on X . Later on we shall
see what f(r) is in the case of 0 and 1-forms. 
Remark 2.9. Note that our proof does not require knowledge of spectral decompo-
sition. This fact makes it easier to generalize the proof to our singular setting for
harmonic 1-forms.
We now turn to the singular case. Suppose now that C(X) is a limit Ricci-flat
cone. By Jiang-Naber [34], the curvature tensor is locally L2. So the definition of
the frequency function still works on C(X), provided that the harmonic k-form u
is locally W 1,2 and locally L∞.
By using cutoff functions, Proposition 2.8 can be generalized to the case of
singular cross sections.
Proposition 2.10. Let C(X) be a limit Ricci-flat cone. Let u be a locally W 1,2
harmonic k-form on C(X) such that locally sup |u| < ∞, and sup |∇r∂ru| < ∞.
Then the monotonicity of the frequency function as in Proposition 2.8 also holds.
Proof. Let Σ denote the singular set of X , and let Σǫ denote the tubular neigh-
borhood of size ǫ of Σ. Let φǫ be the cutoff function on X given in Lemma 2.3.
Define
uǫ = (1 − φǫ)u.
When we replace u by uǫ, the calculation of D
′(r) is still valid until the point we
use the harmonicity of u, namely (2.3).
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Using integration by parts and Bochner formula, we have
1
r
∫
Br
∇∇r∂ruǫ · ∇uǫ +R(∇r∂ruǫ, uǫ) =
∫
∂Br
|∇∂ruǫ|2 +
1
r
∫
Br
∇r∂ruǫ · ∇∗∇uǫ +R(∇r∂ruǫ, uǫ)
(2.4)
=
∫
∂Br
(1 − φǫ)2|∇∂ru|2
− 1
r
∫
Br
(1− φǫ)∆φǫ∇r∂ru · u
+
2
r
∫
Br
∇r∂ru ·
(
(1− φǫ)∇φǫ · ∇u
)
.
Our goal is to show that as ǫ→ 0, the first term on the right hand side gives the
desired result, while the last two terms vanish.
By the Cauchy-Schwarz inequality and the assumptions that locally sup |u|, sup |∇r∂ru|
and ‖∇u‖L2 are bounded, the problem reduces to showing that
lim
ǫ→0
∫
X
|∇φǫ|2 = 0
and that
lim
ǫ→0
∫
X
|∆φǫ| = 0.
But these are the properties of φǫ. The same φǫ can also be used to show that
the integration by parts formula (2.1) is valid. 
Remark 2.11. If we know that the curvature operator R is nonnegative, then we
only need to assume that u is locally L2. The other bounds follow from Proposition
2.5, Proposition 2.6 and Proposition 2.7. In particular, Proposition 2.10 holds
for Gromov-Hausdorff limits of harmonic 1-forms on a Calabi-Yau manifold with
Euclidean volume growth.
The monotonicity of the frequency implies the following L2 3-circle theorem:
Theorem 2.12. H(r) is log-convex with respect to log r. Equality holds if and only
if ∇r∂ru = h(r)u for some function h(r).
Proof. Direct differentiation. 
Let
F (r) =
∫
Br
u2.
Integrating H(r), we see that F (r) also satisfies the 3-circle theorem.
Theorem 2.13. F (r) is log-convex with respect to log r. Equality holds if and only
if ∇r∂ru = h(r)u for some function h(r).
Remark 2.14. If u is a function, then the above 3-circle theorem also follows from
spectral decomposition. See [25] for a proof.
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2.2. A lemma of Cheeger-Tian. It is of great importance to study the case when
the frequency function is constant. In the case of harmonic 0-forms, that is, when
u is a harmonic function, the homogeneous condition ∇r∂ru = h(r)u is equivalent
to
u = rsg(x),
where g is an eigenfunction with eigenvalue s(s+m− 2). Thus the set of possible
degrees s, denoted as D(C(X)), is determined by the spectrum of the cross section
X . The following lemma, based on a lemma of Cheeger-Tian [12], characterizes the
homogeneous condition in the case of harmonic 1-forms.
Lemma 2.15. Let u be a locally W 1,2 harmonic 1-form on a limit Ricci-flat cone
C(X) of dimension m. Suppose
∇r∂ru = h(r)u
for some function h(r). Then up to linear combination, u can be written as one of
the following:
(I) u = rdr or r−(m−1)dr.
(II) u = d(rs+1g(x)), where g(x) is an eigenfunction on X with eigenvalue (s +
1)(s+m− 1). rs+1g(x) is a harmonic function on C(X).
(III) u = rsg(x)dr − rs+1s+m−3dg(x), where g is an eigenfunction on X with eigen-
value (s− 1)(s+m− 3).
(IV) u = rs+1η(x), where η(x) is a coclosed eigen 1-form on X with eigenvalue
(s+ 1)(s+m− 3).
(V) u = (log r)d(r−(m−4)/2g(x)), where g(x) is an eigenfunction on X with eigen-
value (−m2/4) +m.
(VI) u = r−(m−2)/2(log r)η(x), where η(x) is a coclosed eigen 1-form on X with
eigenvalue (−m2/4) + 2m− 4.
If u is one of the above types, the power of r is called the growth rate of u.
Proof. Let C = C(X) be a limit Ricci-flat cone of real dimension m. Any 1-form u
on C can be written as
(2.5) u = κ(r, x)dr + η(r, x),
where η is the part tangent to the cross section X . Following the calculation in
Appendix B of Hein-Sun [32], denote prime as the derivative with respect to r and
denote anything with tilde the operators on X . We have
∆u =
(
1
r2
∆˜κ− κ′′ − m− 1
r
κ′ +
m− 1
r2
κ− 2
r3
d˜∗η
)
dr
+
1
r2
∆˜η − η′′ − m− 3
r
η′ − 2
r
d˜κ.
Suppose ∆u = 0. Then this is equivalent to
(2.6)
1
r2
∆˜κ− κ′′ − m− 1
r
κ′ +
m− 1
r2
κ− 2
r3
d˜∗η = 0
and
(2.7)
1
r2
∆˜η − η′′ − m− 3
r
η′ − 2
r
d˜κ = 0.
Suppose u satisfies the following condition:
(2.8) ∇ζu = h(r)u,
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where ζ = r∂r is the homothetic vector field. Using the decomposition (2.5) and
∇ζdxi = −dxi,
(2.8) becomes
rκ′ = hκ,
rη′i = (h+ 1)ηi,
where η = ηi(r, x)dx
i. We can solve these ODEs in r and get
κ = f(r)g(x),
ηi = f(r)rhi(x)
for some functions g(x), hi(x) on X , where
f(r) = e
∫ h(r)
r
dr.
In sum, u can be written as
(2.9) u = f(r)g(x)dr + f(r)rη1(x),
where η1(x) is a 1-form on X . Now we plug in (2.9) into (2.6) and (2.7). After
rearranging, (2.6) becomes
(2.10)
∆˜g − 2d˜∗η1
g
=
r2f ′′ + (m− 1)rf ′ − (m− 1)
f
= c1,
where c1 is a constant. We thus have an ODE of f :
(2.11) r2f ′′ + (m− 1)rf ′ − (c1 +m− 1)f = 0.
The equation of indicial roots, i.e. plugging f = rs to the ODE, is
(2.12) s2 + (m− 2)s− (c1 +m− 1) = 0.
Without further assumptions on the geometry, the indicial roots could be distinct
or repeated. In the former case, f can be written as a linear combination of
rs± ,
where
s± =
−(m− 2)±√m2 + 4c1
2
.
In the latter case, f can be written as a linear combination of
r−
m−2
2 , r−
m−2
2 log r.
Plugging the solution f to the ODE (2.11) to (2.7) and then canceling the f ’s
and r’s, we get
∆˜η1 − (c1 + 2m− 4)η1 − 2d˜g = 0.
We now have a system of equations on X :
∆˜g − 2d˜∗η1 = c1g,(2.13)
∆˜η1 − (c1 + 2m− 4)η1 = 2d˜g.(2.14)
Note that at this point, we see that we can decompose the harmonic 1-form u
according to the decomposition of f into powers of r. So we may assume that
f = rs. The case when f = r−(m−2)/2 log r can be worked out similarly.
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Taking d˜∗ of (2.14) and set g1 = d˜
∗η1, the system becomes
∆˜g − 2g1 = c1g,(2.15)
∆˜g1 − (c1 + 2m− 4)g1 = 2∆˜g.(2.16)
Substituting the g1’s in (2.16) with (2.15) and completing the square, we get
(2.17) (∆˜− (c1 +m))2g = (m2 + 4c1)g.
Let
g =
∑
λ
gλ
be the spectral decomposition of g with respect to the Laplacian ∆˜. Then (2.17)
yields the relation
λ = (c1 +m)±
√
m2 + 4c1
= (s+m− 1)(s+ 1) or (s− 1)(s+m− 3)
= λ±.
Thus
g = g+ + g−,
where
∆˜g± = λ±g±.
For now, we assume that λ± 6= 0. Any η1 that satisfies
(2.18) d˜∗η1 =
λ+ − c1
2
g+ +
λ− − c1
2
g−
solves our system of equations. A particular solution is
λ+ − c1
2λ+
d˜g+ +
λ− − c1
2λ−
d˜g− =
1
s+ 1
d˜g+ − 1
s+m− 3 d˜g−.
Setting η2 = η1 − 1s+1 d˜g+ + 1s+m−3 d˜g−, we get
(2.19) u =
1
s+ 1
d(rs+1g+) + r
s+1η2 + r
sg−dr − r
s+1
s+m− 3 d˜g−.
It follows that rs+1η2 is harmonic and η2 is a d˜
∗-closed eigen 1-form:
(2.20) ∆˜η2 = (s+ 1)(s+m− 3)η2.
The case when one of λ± is 0 can be reduced to the special case when λ± = λ = 0
using the calculation above. When λ = 0, g is a constant function. The case when
g = 0 is already covered above. May assume g = 1. By (2.15),(2.16), c1 = 0
or −(2m − 4). c1 = 0 implies s = 1 or −(m − 1). The case c1 = −(2m − 4) is
not possible when m 6= 2, since a locally L∞, locally W 1,2 harmonic 1-form on a
closed manifold with singularity in codimension 2 is automatically coclosed (and
also closed). This can be seen easily using the cutoff functions in Lemma 2.3 and
integration by parts. 
Remark 2.16. (1) The lemma actually holds for any smooth Riemannian cones.
(2) Later on, we will see that in the Ricci-flat case, Type (V) and (VI) could not
happen. (3) Unlike the proof in Hein-Sun [32], our proof avoids the use of spectral
decomposition of coclosed 1-forms. This allows our proof to work in our singular
case.
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Similar to the function case, we denote D1(C(X)) the set of all possible growth
rates of a harmonic 1-forms that belongs to one of the six types in the lemma above.
From the statement of the lemma, it’s clear that lower bounds on the first eigen-
value for functions and 1-forms and the dimension give restrictions to the growth
rate s. These restrictions can be used to rule out undesirable terms in the decom-
position. Lower bounds on first eigenvalue are usually derived from a Ricci lower
bound by the Lichnerowicz-Obata theorem.
A special case of Lichnerowicz-Obata theorem also holds in our singular setting.
Lemma 2.17 (Lichnerowicz-Obata). Suppose C(X) is a limit Ricci-flat cone of
real dimension m ≥ 3, so that we have RicX = (m− 2)gX. Let η be a locally L∞,
locally W 1,2 coclosed 1-form. If ∆η = λη for some λ ∈ R, then λ ≥ 2m− 4.
Proof. Let φǫ be the cutoff function as in Lemma 2.3. Let η be a coclosed eigen 1-
form on (the regular set of) X with eigenvalue λ. By Bochner formula, we compute∫
X
λ(1 − φǫ)|η|2 =
∫
X
〈∆η, (1 − φǫ)η〉
=
∫
X
(1− φǫ)|∇η|2 +
∫
X
(m− 2)(1− φǫ)|η|2 −
∫
X
〈∇η,∇φǫ ⊗ η〉.
On the other hand, since η is coclosed,∫
X
λ(1− φǫ)|η|2 =
∫
X
〈d∗dη, (1 − φǫ)η〉
=
∫
X
(1 − φǫ)|dη|2 −
∫
X
〈dη, dφǫ ∧ η〉.
Using the fact that ∫
X
(1− φǫ)|∇η|2 ≥ 1
2
∫
X
(1− φǫ)|dη|2,
we have∫
X
λφǫ|η|2 ≥
∫
X
2(m− 2)φǫ|η|2 +
∫
X
〈dη, dφǫ ∧ η〉 − 2
∫
X
〈∇η,∇φǫ ⊗ η〉.
Thus it’s enough to show that the last two terms tend to 0 as ǫ → 0. But this
follows from the Cauchy-Schwarz inequality, the bounds on η and
lim
ǫ→0
∫
X
|∇φǫ|2 = 0.

We can now rule out the unwanted parts in the decomposition in Lemma 2.15.
Corollary 2.18. Let C(X) be a limit Ricci-flat cone of real dimension at least 4.
Let u be a locally L2 harmonic 1-form on C(X) satisfying
∇r∂ru = h(r)u
for some function h. Suppose further that the growth rate of u is less than 1, i.e.
|u| ≤ C(1 + r)s¯
for some s¯ < 1. Then u is actually exact:
u = d(rs+1g(x))
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for some 0 ≤ s ≤ s¯, where g is an eigenfunction on X with eigenvalue (s + 1)(s +
m− 1). Note that rs+1g(x) is a harmonic function on C(X).
Assume furthermore that C(X) is Ka¨hler, i.e. C(X) is Calabi-Yau. Then any
locally L2 harmonic function f on C(X) with
|f | ≤ C(1 + r)s′ , 0 ≤ s′ < 2
is the real part of a holomorphic function. In particular, f is pluriharmonic..
Proof. Assume C(X) is a limit Ricci-flat cone of real dimension at least 4. To
prove the first part, we rule out types (III)-(VI). First we rule out type (III).
Lichnerowicz-Obata implies that s ≥ 2 or s ≤ 2 −m. The first case violates the
growth assumption, while the second case violates the L2 assumption. In type (IV),
we have s ≥ 2 or s ≤ 2−m. Again, these are ruled out by our assumption. Type
(V) and (VI) are also ruled out by Lichnerowicz-Obata.
Now, assume C(X) is Calabi-Yau. Let f be a locally L2 harmonic function on
C(X). By spectral decomposition, we may assume f is homogeneous. Thus dcf is
a homogeneous harmonic 1-form and has growth rate less than 1. By what we just
proved, dcf = dh for some harmonic function h. So f is pluriharmonic. 
3. A local L2 estimate for the differentials of harmonic 1-forms
In this section, we prove Theorem 1.5. One key ingredient is Lemma 3.4, which
roughly states that on a Ricci-flat metric ball which is close to a limit Ricci-flat
cone, a harmonic 1-form that is orthogonal to exact 1-forms must grow “at least
linearly.” This is true when the ball actually lies in a Ricci-flat cone, as we have
seen in Corollary 2.18. To obtain the local L2 estimate, we use the fact that all but
finitely many scales in a Ricci-flat metric ball B(p, 1) are close to a Ricci-flat cone.
This is Cheeger-Colding’s cone rigidity theorem [7]. For each “good” scale 2−k, we
use Lemma 3.4 to obtain an L2 estimate for the gradient of the “k-th orthogonal
projection,” and then concatenate these estimates to obtain the desired one.
The following lemma shows that if a Riemannian metric ball has sufficiently
small Ricci curvature, then being close to a metric cone actually implies it is close
to a limit Ricci-flat cone.
Lemma 3.1. For any ǫ > 0 and v > 0, there exists δ > 0 such that if B(p, 1) is a
Riemannian metric ball with Vol(B(p, 1)) > v > 0 and |Ric(B(p, 1))| < δ, and if
dGH(B(p, 1), B(o, 1)) < δ
for a metric cone B(o, 1) ⊂ C(X), then there exists a limit Ricci-flat cone B(o∗, 1) ⊂
C(Y ) such that
dGH(B(p, 1), B(o
∗, 1)) < ǫ.
Proof. We argue by contradiction. Suppose there exist ǫ > 0, v > 0, a sequence
of Riemannian metric balls B(pi, 1) with Vol(B(pi, 1)) > v and |Ric(B(pi, 1))| <
δi → 0 and a sequence of metric cones B(oi, 1) ⊂ C(Xi) such that
dGH(B(pi, 1), B(oi, 1)) < δi → 0
but
dGH(B(pi, 1), B(o
∗, 1)) ≥ ǫ
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for all limit Ricci-flat cone B(o∗, 1) ⊂ C(Y ). After passing to a subsequence,
B(pi, 1) converges in the pointed Gromov-Hausdorff sense to a Ricci-flat limit space
B(p, 1). Since
dGH(B(p, 1), B(oi, 1))→ 0,
it follows that B(p, 1) is a metric cone. Since B(p, 1) is the limit of B(pi, 1), we
reach a contradiction. 
Lemma 3.2. Let C(X) be a limit Ricci-flat cone. Suppose u, v are harmonic 1-
forms on Br = B(o, r) ⊂ C(X) such that both u, v are locally W 1,2 and locally L∞.
Then ∫
∂Br
〈∇∂ru, v〉 =
∫
∂Br
〈u,∇∂rv〉.
Proof. If the cone C(X) is smooth, then this follows from Green’s formula and the
fact that both u, v are harmonic. Let φǫ be the good cutoff function on B(o, r)
supported outside the ǫ-neighborhood of the singular set of B(o, r). Define uǫ =
φǫu. Then by Green’s formula,∫
∂Br
〈∇∂ruǫ, v〉 −
∫
∂Br
〈uǫ,∇∂rv〉 =
∫
Br
〈∇ · ∇uǫ, v〉 −
∫
Br
〈uǫ,∇ · ∇v〉.
By Bochner formula and the Ricci-flat condition, the second term of the right hand
side is 0, and the first term on the right hand side can be computed as∫
Br
〈∇ · ∇uǫ, v〉 =
∫
Br
〈(−∆φǫ)u+ 2∇φǫ · ∇u, v〉.
Note that ∣∣∣∣∣
∫
Br
〈(−∆φǫ)u, v〉
∣∣∣∣∣ ≤ C
∫
Br
|∆φǫ| → 0
as ǫ→ 0, and that ∣∣∣∣∣
∫
Br
〈∇φǫ · ∇u, v〉
∣∣∣∣∣ ≤ C
√∫
Br
|∇φǫ|2 → 0
as ǫ→ 0 by the Cauchy-Schwarz inequality. 
Proposition 3.3. Let C(X) be a limit Ricci-flat cone of dimension m. Suppose
u, v are harmonic 1-forms on B1 = B(o, 1) ⊂ C(X) such that both u, v are locally
W 1,2 and locally L∞. Suppose furthermore that v is homogeneous of degree s, i.e.
∇r∂rv = sv.
Then there exists C > 0 such that∫
∂Br
〈u, v〉 = Cr2s+m−1
for all r ∈ [0, 1].
Proof. Write
I(r) = −
∫
∂Br
〈u, v〉.
18 SHIH-KAI CHIU
Then by the previous lemma, we have
r∂rI(r) = −
∫
∂Br
〈∇r∂ru, v〉+−
∫
∂Br
〈u,∇r∂rv〉
= 2−
∫
∂Br
〈u,∇r∂rv〉
= 2sI(r).
Integrating, we get
I(r) = Cr2s.
This completes the proof. 
The key lemma is the following:
Lemma 3.4. For any δ > 0 and v > 0, there exists ǫ > 0 with the following
significance: let B(p, 2) be a Riemannian metric ball such that Vol(B(p, 1)) > v
and |Ric(B(p, 2))| < ǫ, and let B(o, 2) ⊂ C(X) be a limit Ricci flat cone such that
dGH(B(p, 2), B(o, 2)) < ǫ.
Let u be a harmonic 1-form on B(p, 1) such that u is L2-orthogonal to the space of
closed and coclosed harmonic 1-forms on B(p, 1). Then u grows “almost linearly”
in the following sense:
−
∫
B(p,1)
|u|2 ≥ 22(1−δ)−
∫
B(p,1/2)
|u|2.
Proof. We argue by contradiction. Let B(pi, 2) be a sequence of Riemannian metric
balls with Vol(B(pi, 1)) > v and |Ric(B(pi, 2))| < ǫi, and let C(Xi) be a sequence
of limit Ricci-flat cones with vertex oi. Suppose that
dGH(B(pi, 2), B(oi, 2)) < ǫi
for each i, where ǫi → 0.
Suppose for contradiction that there exist δ > 0 and a sequence ui of harmonic
1-forms on B(pi, 1) satisfying the L
2-orthogonal condition with respect to Bi, such
that
−
∫
B(pi,1)
|ui|2 < 22(1−δ)−
∫
B(pi,1/2)
|ui|2.
After passing to a subsequence, we may assume that both B(pi, 2) and B(oi, 2)
converge to some B(o, 2) in a limit Ricci-flat cone C(X). We may normalize ui so
that
−
∫
B(pi,1/2)
|ui|2 = 1.
So
−
∫
B(pi,1)
|ui|2 < 22(1−δ)
is uniformly bounded. Thus by passing to a subsequence, we may assume that ui
converges to a nonzero harmonic 1-form u on B(o, 1). The convergence is smooth
on any compact subset of the regular set of B(o, 1), and both ui and u are uniformly
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bounded on B(o, 1/2) by Li-Schoen mean value inequality [37]. Taking limit of the
above inequality, we see that
−
∫
B(o,1)
|u|2 ≤ 22(1−δ)−
∫
B(o,1/2)
|u|2.
By L2 3-circle theorem, it follows that
−
∫
B(o,2−i)
|u|2 ≤ 22(1−δ)−
∫
B(o,2−i−1)
|u|2.
for all i ∈ N ∪ {0}. From this, we can extract the “lowest order term” of u: let
vi =
u
‖u‖L2(Bi(1/2))
,
where Bi(1/2) ⊂ (C(X), 22igC(X)) is the rescaled (1/2)-ball centered at the vertex
o. After passing to a subsequence, vi converges to a nonzero homogeneous harmonic
1-form v with degree s ≤ (1 − δ) on B(o, 1). By Lemma 2.15, v = df for some
f ∈ H<2(C(X)). By Proposition 3.3,∫
B(o,1)
〈u, df〉 > 0.
On the other hand, by Cheeger’s transplantation theorem (Lemma 10.7 of [6]),
there exists a sequence of harmonic functions fi on B(pi, 1) such that fi converges
to f uniformly in the Gromov-Hausdorff sense. By gradient estimate, it follows
that dfi converges to df uniformly in the Gromov-Hausdorff sense. Taking the limit
of the L2-orthogonal condition, we have∫
B(o,1)
〈u, df〉 = 0,
which is a contradiction. 
We can now prove our main theorem for harmonic 1-forms.
Proof of Theorem 1.5. Let ǫ > 0 be given as in Lemma 3.4. We first prove the case
when |Ric| ≤ ǫ.
By Cheeger-Colding theory [7], there exists a number N(v, ǫ) such that for all
but N(v, ǫ) of k ∈ N, we have
dGH(B(p, 2
−k+1), B(ok, 2
−k+1)) < ǫ2−k+1
for some B(ok, 2
−k+1) inside a metric cone C(Xk). By Lemma 3.1, we may assume
these metric cones C(Xk) are limit Ricci-flat cones. Set u0 = u. We define uk on
B(p, 2−k) inductively.
For each of the good k, let uk be the L
2 orthogonal projection of uk−1 with
respect to closed, coclosed 1-forms on B(2−k). By Lemma 3.4,
−
∫
B(p,2−k−1)
|uk|2 ≤ 2−2(1−δ)−
∫
B(p,2−k)
|uk|2.
For finitely many bad k, set uk = uk−1. The following inequality holds by volume
comparison:
−
∫
B(p,2−k−1)
|uk|2 ≤ C−
∫
B(p,2−k)
|uk|2.
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Concatenating the above two inequalities, we get
−
∫
B(p,2−k−1)
|uk| ≤ C(δ, v)2−2k(1−δ)−
∫
B(p,1)
|u|2.
Now, pick 2−k−2 ≤ 2r ≤ 2−k−1, so that
−
∫
B(p,2r)
|uk|2 ≤ C−
∫
B(p,2−k−1)
|uk|2.
Since ∆|uk|2 = 2|∇uk|2, an integration by parts with a good cutoff function gives
−
∫
B(p,r)
|∇uk|2 ≤ Cr−2−
∫
B(p,2r)
|uk|2.
We also have the pointwise inequality
|du|2 + |d∗u|2 = |duk|2 + |d∗uk|2 ≤ 2|∇uk|2.
Combining the above four inequalities, we get the desired one.
Now we prove the case when |Ric| ≤ 1. Let r ∈ [0, 1/2]. First let us assume
r ≤ √ǫ/2, i.e. r is small. By rescaling the metric g = ǫg˜, we can apply what we
just proved to get
−
∫
B(p,r)
|du|2 + |d∗u|2 ≤ Cǫ−δ−1r−2δ−
∫
B(p,1)
|u|2.
Now let us assume r >
√
ǫ/2. In this case, we get a better estimate. Integrating by
parts with a good cutoff function gives
∫
B(p,r)
|du|2 + |d∗u|2 ≤ 2
∫
B(p,r)
|∇u|2 ≤ C1
r2
∫
B(p,2r)
|u|2.
So
−
∫
B(p,r)
|du|2 + |d∗u|2 ≤ C1
r2
Vol(B(p, 1))
Vol(B(p, r))
−
∫
B(p,1)
|u|2 ≤ C2(δ, v, ǫ)−
∫
B(p,1)
|u|2
by volume comparison. 
Remark 3.5. We have a better bound for d∗u. Since |d∗u| is subharmonic, we can
apply Li-Schoen mean inequality to show that |d∗u|2 is bounded by the L2 average
of |d∗u|, which in turn is bounded by the L2 average of u by an integration by parts
with a good cutoff functions.
Now that we have the analog of the gradient estimate, we are ready to prove the
Liouville type theorem for harmonic 1-forms.
Proof of Theorem 1.1. It is enough to prove that for every p ∈M ,
−
∫
B(p,1)
|u|2 = 0.
Let r < 1/2. We rescale the metric by r2, use Theorem 1.1, then rescale back by
1/r2 and get
−
∫
B(p,1)
|du|2 + |d∗u|2 ≤ Cr2−2δ−
∫
B(p,1/r)
|u|2 ≤ Cr2−2δ−2s.
We choose δ > 0 such that 2 − 2δ − 2s > 0. Letting r → 0, we get that u is both
closed and coclosed.
SUBQUADRATIC HARMONIC FUNCTIONS ON CALABI-YAU MANIFOLDS 21
On the other hand, by Corollary 1.5 (3) of Anderson [4], we know that H1(M) =
0. So u = df for some function f . Since d∗u = 0, f is harmonic. 
4. Alternative approach in the Ka¨hler case
In this section, we give an alternative approach to prove Theorem 1.1, under
the further assumption of the manifold being Ka¨hler. If we only have Ric ≥ 0 but
the tangent cone at infinity is smooth and unique, then this approach also works
without the Ka¨hler assumption. As mentioned in the introduction, this approach is
based on comparing the spaces of harmonic forms with polynomial growth on the
manifold and its tangent cone at infinity. To do so, we need monotonicity results
to ensure nontrivial Gromov-Hausdorff limits of harmonic functions and harmonic
1-forms.
Let M be a complete Ricci-flat manifold with Euclidean volume growth. We
define the harmonic spectrum D(M) ⊂ R, or the set of all possible growth rates of
harmonic functions with polynomial growth of M as
D(M) =
⋃
C(Y )
D(C(Y )),
where C(Y ) ranges over all tangent cones at infinity and D(C(Y )) is defined in the
previous section.
Similarly, we define D1(M) ⊂ R to be the set of all possible growth rates of
harmonic 1-forms. More precisely,
D1(M) =
⋃
C(Y )
D1(C(Y )),
where C(Y ) ranges over all tangent cones at infinity.
The discreteness of D(M) and D1(M) is important for applying the monotonicity
theorem 4.3 below. Note that when M has a smooth tangent cone at infinity, then
D1(M) makes sense and the discreteness is guaranteed.
Before stating the monotonicity theorem, let us briefly review the basic facts
about tangent cones.
4.1. Basic facts. Fix a complete noncompact Ricci-flat manifold (M, g). Thanks
to the following lemma, every tangent cone at infinity of (M, g) is a subsequential
limit of the sequence (Mi, pi, gi) = (M,p, 2
−2ig), where p is a fixed point in M .
The following is well-known (see e.g. [25]):
Lemma 4.1. Let ak, bk → ∞ be two sequence of scales giving tangent cones at
infinity C(X), C(X ′), respectively. Suppose there exists C > 0 such that
C−1 ≤ ak
bk
≤ C
for all k. Then C(X) and C(X ′) are isomorphic.
In the rest of this section, we will always consider the blowdown of (M, g) by
geometric sequence gi = 2
−2ig.
Another simple fact, which is also well-known to the experts, is needed later:
Lemma 4.2. The space C∞ of tangent cones at infinity of M is connected under
the Gromov-Hausdorff topology.
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Next, we would like to briefly discuss about convergence of harmonic forms. Fix
a harmonic k-form u on M . Define
ui = u/‖u‖L2(B(pi,1)) .
So ui has unit L
2 norm on the rescaled unit ball B(pi, 1) ⊂ (Mi, pi, gi). After
passing to a subsequence {α} ⊂ {i}, (Mα, pα, gα) converges to a tangent cone C(X)
ofM at infinity. By passing to a further subsequence and using elliptic estimate, we
can extract a subsequence of {uα} that converges smoothly on any compact subsets
of R in the Gromov-Hausdorff sense. We call the limit the Gromov-Hausdorff limit
of u by geometric sequence. To make use of such a limit, it is important to make
sure the limit we get does not vanish, and that the limit captures the asymptotic
behavior of u. These are important consequences of the monotonicity theorems in
the following subsection.
4.2. Monotonicity results. Recall that M is a complete noncompact Ricci-flat
manifold with Euclidean volume growth. Fix p ∈M .
Theorem 4.3 (Ding [23], Donaldson-Sun[25], Xu [50]). Let d¯ /∈ D(M). Then there
exists Rc ≫ 0 such that if r > Rc and if f is a nonzero harmonic function on M ,
then
−
∫
B(p,r)
f2 ≤ 22d¯−
∫
B(p,r/2)
f2
implies
−
∫
B(p,r/2)
f2 < 22d¯−
∫
B(p,r/4)
f2.
For a proof, see [25], or compare the proof of Theorem 4.12 below.
To fully utilize the monotonicity theorem, it is crucial to assume that D(M) is
a discrete set.
Proposition 4.4 ([25]). Let M be a complete noncompact Ricci-flat manifold with
Euclidean volume growth. Suppose D(M) is discrete. Fix p ∈ M . Then for any
nonzero harmonic function f on M , the limit
d(f) =
1
2
lim
i→∞
(log 2)−1 log
−
∫
B(p,2i) f
2
−
∫
B(p,2i−1) f
2
exists. Furthermore, d(f) ∈ D(M) ∪ {∞}. Any Gromov-Hausdorff limit f∞ of f
by geometric sequence is homogeneous with degree d(f) if d(f) <∞.
There is another, more familiar characterization of d(f).
Proposition 4.5 ([25], see also [50]). Let M be a complete noncompact Ricci-flat
manifold with Euclidean volume growth. Suppose D(M) is discrete. Fix p ∈ M .
Then for any nonzero harmonic function f on M ,
d(f) = lim sup
r→∞
(log r)−1 log sup
B(p,r)
|f |.
In particular, d(f) <∞ if and only if f has polynomial growth.
Proof. The proof uses Li-Schoen mean value inequality and applies the monotonic-
ity theorem 4.3 iteratively. See [50] for details. 
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Definition 4.6. Let M be a complete noncompact Ricci-flat manifold with Eu-
clidean volume growth. Assume D(M) is discrete. Let f be a harmonic function.
We call d(f) the degree, or the growth rate of f . We will also need the following
notions:
Hd(M) = {f harmonic on M : d(f) ≤ d},
H<d(M) = {f harmonic on M : d(f) < d}.
We will refer to it as the space of harmonic functions with polynomial growth on
M . On C(X), we define Hd(C(X)) and H<d(C(X)) correspondingly. Note that
by Proposition 4.5, Hd(M) and H<d(M) are linear subspaces for any d.
Proposition 4.7. Let M be a complete noncompact Ricci-flat manifold Euclidean
volume growth. Suppose D(M) is discrete. Let C(X) be a tangent cone at infinity.
Then for any d ≥ 0,
dimHd(M) ≤ dimHd(C(X)).
Remark 4.8. Weyl type upper bounds of dimHd(M) were obtained in Colding-
Minicozzi [15, 16] and Li [38] in various generalities. In particular, Li’s result [38]
implies upper bounds for the dimension of the space of harmonic 1-forms with
polynomial growth on M with Ric ≥ 0. Honda [33] also obtained two-sided Weyl
type bounds on tangent cones at infinity.
Proof. We show the following: given a set of N linearly independent harmonic
functions on M with polynomial growth, we can construct a set of N linearly
independent harmonic functions with the same polynomial growth. Recall that
Bi(1) is the unit ball with respect to the rescaled metric 2
−2ig. As before, let
fi = f/‖f‖L2(Bi(1)). After passing to a subsequence, fi converges to f∞, a nonzero
homogeneous harmonic function on B∞(1) ⊂ C(X) uniformly in the Gromov-
Hausdorff sense. For g, define
gi =
g − 〈g, fi〉L2(Bi(1))fi∥∥∥g − 〈g, fi〉L2(Bi(1))fi∥∥∥
L2(Bi(1))
.
After passing to a subsequence, gi → g∞, a nonzero homogeneous harmonic function
on B∞(1) ⊂ C(X) uniformly in the Gromov-Hausdorff sense. Since gi is orthogonal
to fi on Bi(1), it follows by taking limit that g∞ is orthogonal to f∞.
In the general case we follow the usual Gram-Schmidt process inductively and
by passing to further subsequences. 
To show that the dimensions are actually equal, we need the following lemma of
Ding.
Lemma 4.9 ([23]). Let M be a complete noncompact Ricci-flat manifold M with
Euclidean volume growth. Let C(X) be a tangent cone of M at infinity obtained by
scaling down the metric by 2−2α, where {α} ⊂ N. Let f∞ be a harmonic function
on B∞(1) ⊂ C(X). Then after passing to a subsequence {β} ⊂ {α}, there exists
a sequence of harmonic functions fβ on Bβ(1) with uniformly bounded Lipschitz
constants such that fβ → f∞ uniformly in the Gromov-Hausdorff sense.
Using the above construction by Ding, we can prove the following:
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Theorem 4.10. Let (M, g) be a complete noncompact Ricci-flat manifold with
Euclidean volume growth. Suppose D(M) is discrete. Let C(X) be a tangent cone
at infinity. Then for any d ≥ 0,
dimHd(M) = dimHd(C(X)).
The technique used in the proof is already in [23], so this result must be already
known to the experts. For reader’s convenience, we work out the proof here.
Proof. We already have one direction of the inequality by Proposition 4.7. Thus it
is enough to prove that
dimHd(M) ≥ dimHd(C(X)).
We will prove the following: if there exist N linearly independent harmonic func-
tions in Hd(C(X)), then there exist N linearly independent harmonic functions in
Hd(M). We proceed by induction. If N = 1, then just pick the constant function
1 on M . Let us look at the case when N = 2. By induction hypothesis, there
exists a nonzero harmonic function f in Hd(M). Our goal is to construct another
g 6= 0 ∈ Hd(M). Let f∞ 6= 0 ∈ Hd(C(X)) be a Gromov-Hausdorff limit of f
obtained using a subsequence of 2i. By assumption, Hd(C(X)) ≥ N ≥ 2, so there
exists a homogeneous harmonic function g∞ ∈ Hd(C(X)) orthogonal to f∞. Let
gβ → g∞ over Bβ(1) → B∞(1) according to Lemma 4.9. Since g∞ is orthogonal
to f∞, there exists β0 > 0 such that gβ and f are linearly independent on B(2
β)
when β ≥ β0. Define
g¯β = gβ −
〈gβ , f〉L2(B(2β0 ))
〈f, f〉L2(B(2β0))
f,(4.1)
and then normalize so that g¯β has unit L
2 norm over B(2β0).
Using a similar argument as in the proof of the monotonicity theorem 4.3, we
can enlarge β0 so that for d¯ /∈ D(M) slightly larger than d(g∞) and β1 > 0,
−
∫
B(r)
g2β ≤ 22d¯−
∫
B(r/2)
g2β ,
for β ≥ β0 and 2β−β1 < r < 2β . By monotonicity theorem 4.3, we can replace
the varying lower bound 2β−β1 by a constant Rc > 0. Using the argument in
Proposition 4.5, it’s readily seen that there exists a constant C such that
|gβ| ≤ Crd¯
for all β ≥ β0 and r ∈ (Rc, 2β). This implies that
|g¯β| ≤ Crd¯
for all β ≥ β0 and r ∈ (Rc, 2β). Now we can take a subsequence of g¯β converging
to a harmonic function g on M with
|g| ≤ Crd¯
for r ≫ 0. It follows that g ∈ Hd(M). Note that g is nonzero. Since g is L2
orthogonal to f over B(2β0), g and f are linearly independent.
For general N ≥ 2, we replace (4.1) by a general Gram-Schmidt orthogonal
projection. 
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Corollary 4.11. Let (M, g) be a complete noncompact Ricci-flat manifold with
Euclidean volume growth. Suppose D(M) is discrete. Let C(X) be a tangent cone
at infinity obtained by scaling down the metric g by 2−2α, where {α} ⊂ N. Let f∞
be a homogeneous harmonic function on C(X) with polynomial growth. Then after
passing to a subsequence {β} ⊂ {α}, there exits a sequence of harmonic functions
fβ on M with d(fβ) ≤ d(f∞) such that fβ → f∞ over Bβ(1) → B∞(1) uniformly
in the Gromov-Hausdorff sense.
Proof. Write d = d(f∞). By Theorem 4.10, let
N = dimHd(M) = dimHd(C(X)),
and let f1, . . . , fN be a basis for Hd(M). By Gram-Schmidt process, we can get a
sequence of N harmonic functions f1α, · · · fNα on M such that each f jα has unit L2
norm on the rescaled ball Bα(1) and that these f
j
α are mutually L
2 orthogonal on
Bα(1). By monotonicity, after passing to a subsequence {β} ⊂ {α}, f jβ converges
uniformly to a nonzero homogeneous harmonic function f j∞ over Bβ(1)→ B∞(1) in
the Gromov-Hausdorff sense. These f j∞ are mutually orthogonal by construction,
so they form a basis for Hd(C(X)). So we can write
f∞ = c1f
1
∞ + · · ·+ cNfN∞
for some cj ∈ R. Clearly, f∞ is a Gromov-Hausdorff limit of the sequence
fβ = c1f
1
β + · · ·+ cNfNβ .
This completes the proof. 
We now turn to harmonic 1-forms. Similar to the function case, we have the
following monotonicity theorem.
Theorem 4.12. Let M be a complete noncompact Ricci-flat manifold of dimension
m ≥ 4 with Euclidean volume growth. Let d¯ /∈ D1(M). Then there exists Rc ≫ 0
such that if r > Rc and if u is a nonzero harmonic 1-form on M , then
−
∫
B(p,r)
|u|2 ≤ 22d¯−
∫
B(p,r/2)
|u|2
implies
−
∫
B(p,r/2)
|u|2 < 22d¯−
∫
B(p,r/4)
|u|2.
Proof. The proof is very similar to the function case. We argue by contradiction.
Suppose there exist ri →∞ and nonzero harmonic 1-forms ui on M such that
−
∫
B(p,ri)
|ui|2 ≤ 22d¯−
∫
B(p,ri/2)
|ui|2
but
−
∫
B(p,ri/2)
|ui|2 ≥ 22d¯−
∫
B(p,ri/4)
|ui|2.
By volume comparison, the above two inequalites imply the following two:
‖ui‖L2(Bi(1)) ≤ 2d¯+n/2‖ui‖L2(Bi(1/2)) ,(4.2)
‖ui‖L2(Bi(1/2)) ≥ 2d¯+n/2‖ui‖L2(Bi(1/4)) ,(4.3)
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where by Bi(r) we denote the ball centered at p with radius r with respect to the
rescaled metric r−2i g. Note that the L
2-norms here are defined using the rescaled
metrics. By normalizing, we may assume that
‖ui‖L2(Bi(1/2)) = 1
for all i. It follows that we have the uniform L2-bound
(4.4) ‖ui‖L2(Bi(1)) ≤ 2d¯+n/2.
We may assume that (M,p, r−2i g) converges to a Ricci-flat cone C(X). By the
discussion in the end of Section 3.1, we can always exact a subsequence of ui that
converges smoothly to u∞ on any compact subset in the regular set R of B∞(1) ⊂
C(X). Recall that |ui| is subharmonic by Bochner formula. Using Li-Schoen mean
value inequality, we can bound supBi(1/2) |ui| uniformly. This, together with volume
convergence, is enough for us to show that
lim
i→∞
‖ui‖L2(Bi(r)) =‖u∞‖L2(B∞(r))
for r ≤ 1/2. So we can take limits in (4.2) and (4.3) and get
‖u∞‖L2(B∞(1)) ≤ 2d¯+n/2‖u∞‖L2(B∞(1/2)) ,
‖u∞‖L2(B∞(1/2)) ≥ 2d¯+n/2‖u∞‖L2(B∞(1/4)) .
Note that u∞ is nonzero. By Theorem 2.13, u∞ is a homogeneous harmonic 1-form
of degree d¯. But d¯ /∈ D1(M), a contradiction. 
As in the function case, our use of the monotonicity theorem 4.12 requires dis-
creteness of D1(M). By Lemma 2.15, D1(M) is determined by the spectra of
Laplacian acting on both functions and coclosed 1-forms on cross sections of tan-
gent cones at infinity. If the tangent cone C(X) is unique, and if the cross section X
is smooth, then D1(M) is a discrete set by spectral decomposition. In this case, the
results obtained for harmonic functions (modulo Ding’s lemma, which is specific to
the function case) also hold for harmonic 1-forms. In particular, given a harmonic
1-form u, we can define its growth rate d(u). If d(u) < ∞, then d(u) ∈ D1(M)
and we can extract a nonzero, homogeneous Gromov-Hausdorff limit of u on C(X).
This limit is certainly locally W 1,2. This simply follows from integrating by parts
|∇u|2 with a good cutoff function.
If X is not smooth, then to our knowledge, we don’t have a general access to
spectral decomposition of coclosed 1-forms on (the set of regular points on) X .
Fortunately, by Corollary 2.18, we do have a tiny window [0, 1) in which D1(M) is
determined only by D(M). More precisely,
D1(M) ∩ [0, 1) = D(M) ∩ [0, 2)− 1,
where “−1” means set translation. Thus it’s enough to ensure that D(M) ∩ [0, 2)
is discrete. Thanks to the following recent result of Liu-Sze´kelyhidi, this is the case
when M is Calabi-Yau.
Theorem 4.13 ([42]). Let M be a complete noncompact Calabi-Yau manifold with
Euclidean volume growth. Then any tangent cone at infinity is affine algebraic.
Remark 4.14. It’s worth noting that Van Coevering [49] also proved that any smooth
Calabi-Yau cone is affine algebraic.
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Let S ⊂ R be the holomorphic spectrum, i.e. the set of all possible growth
rates of holomorphic functions on M . As in the harmonic case, S is the union
of S(C(Y )), the set of possible growth rates on a tangent cone at infinity C(Y ).
Donaldson-Sun [25] show that S(C(Y )) consists of algebraic numbers, so it is rigid
under deformation of tangent cones. Since the space of tangent cones at infinity is
connected, it follows that S is discrete.
Lemma 4.15. Let M be a complete noncompact Calabi-Yau manifold with Eu-
clidean volume growth. Then we have
D(M) ∩ [0, 2) = S ∩ [0, 2).
Proof. By Corollary 2.18, on a tangent cone C(X) at infinity, any homogeneous
subquadratic harmonic function f is pluriharmonic. In particular, f is the real
part of a homogeneous holomorphic function with the same growth rate. On the
other hand, taking the real part of a homogeneous holomorphic function gives a
harmonic function with the same growth rate. 
Proof of Theorem 1.1 in the Ka¨hler case. Assume that M is a complete Calabi-
Yau manifold with Euclidean volume growth. By the above lemma, D1(M)∩ [0, 1)
is discrete. So we can apply monotonicity within this range. We argue by contra-
diction.
Let u be a harmonic 1-form on M with sublinear growth. Suppose for contra-
diction that u is not exact. Write H<2(M) for the space of harmonic functions on
M with subquadratic growth. On each rescaled ball Bi(1) ⊂ (M,p, 2−2ig), con-
sider the L2 projection of u to the complement of dH<2(M), the image of H<2(M)
under the differential d. In other words, let fi ∈ H<2(M) such that u − dfi is L2
orthogonal to dH<2(M) over Bi(1). Let
ui =
u− dfi
‖u− dfi‖L2(Bi(1))
.
By monotonicity, after passing to a subsequence {α} ⊂ {i}, uα converges to
a nonzero homogeneous harmonic 1-form u∞ on (the set of regular points on)
B∞(1) ⊂ C(X) uniformly in the Gromov-Hausdorff sense. By Corollary 2.18,
u∞ = df∞ for some f∞ ∈ H<2(C(X)). By Corollary 4.11, after passing to a
subsequence {β} ⊂ {α}, there exists a sequence of harmonic functions fβ on M
converging uniformly on B∞(1) to f∞ in the Gromov-Hausdorff sense. It follows
that
lim
β→∞
∫
Bβ(1)
〈uβ , dfβ〉 =
∫
B∞(1)
〈df∞, df∞〉 > 0.
Thus ∫
Bβ(1)
〈u− dfβ , dfβ〉 > 0
for β ≫ 0, a contradiction. This completes the proof. 
Remark 4.16. As mentioned in the introduction, using the method in Conlon-Hein
[18], we can relax the subquadratic growth condition to o(r2) in the AC case.
Actually, we will show that we can replace the sublinear condition in Theorem 1.1
by o(r), assuming the manifold M is AC Calabi-Yau. The key is that the metric
g converges to the cone metric g0 on the tangent cone at infinity C in O(r
−ǫ) for
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some ǫ > 0 by definition. This implies that the Laplacian ∆ with respect to g and
the Laplacian ∆0 with respect to g0 vary in O(r
−ǫ) in operator norm.
Let u be a harmonic 1-form on M such that u = o(r). It is enough to show
that u = O(rs) for some s < 1. Since M and C are diffeomorphic outside compact
subsets, we may transplant u to a 1-form u0 on C such that u = u0 outside a
compact subset. Note that ∆0u0 = (∆0 − ∆)u0 = O(r−1−ǫ) for r large. Then
we solve the equation ∆0v0 = ∆0u0 on C by solving ODEs. Thus v0 = O(r
1−ǫ).
Since u0 − v0 = o(r) is harmonic, it follows that u0 − v0 = O(rs) for some s < 1
by the Cheeger-Tian lemma. So u = (u0 − v0) + v0 = O(rs′ ) for r large, where
s′ = max{1− ǫ, s}.
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